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E-mail address: eginerm@mcm.upv.es (E. Giner)In this paper, the extended ﬁnite element method (X-FEM) is considered for the analysis of
fretting fatigue problems. A two-dimensional implementation of the X-FEM is carried out
within the ﬁnite element software ABAQUSTM by means of user subroutines, and crack prop-
agation in fretting fatigue problems is investigated. On utilizing the non-linear contact
capabilities of this code, the numerical technique is applied to a specimen-indenter model.
The use of the X-FEM facilitates very accurate stress intensity factor computations on rel-
atively coarse meshes, and furthermore, no remeshing is required for crack growth simu-
lations. The implementation is applied to complete and incomplete contact fretting
problems. A study of crack growth is conducted for several bulk loads applied to the spec-
imen, and the inﬂuence of the initial crack angle is ascertained. The numerical simulations
reveal the merits of applying the X-FEM to fretting fatigue problems.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Problems in fretting fatigue are characterized by the presence of two or more contacting bodies, subjected to relative
displacements of small amplitude. Under these conditions, the stresses exhibit steep gradients in the vicinity of the con-
tact zone. The combination of such a high stress gradient with the cyclic nature of the loading leads to the nucleation of
small cracks that often propagate until the eventual failure of the component (hence the term fretting fatigue). In prac-
tice, two different stages are distinguished during this process: crack nucleation and crack propagation.
In fretting fatigue, nucleation processes are usually relatively fast, due to the strong tractions on the contacting surfaces.
Hence, under these circumstances, most of the component life is spent in the propagation stage (Sheikh et al., 1994; Adib-
nazari and Hoeppner, 1994; Hattori et al., 2003). Thus, a fracture mechanics approach is usually considered to be appropriate
to estimate fretting fatigue propagation life (Faanes and Fernando, 1994; Faanes, 1995; Hills and Nowell, 1994). In this study,
the nucleation or initiation stage is not considered and a fully-formed crack is assumed. Its size will be such that the sur-
rounding material is assumed to be homogeneous and isotropic, i.e. the crack length is greater than several material grains
(Hills and Nowell, 1994; Dai et al., 1994).
The propagation stage in a fretting fatigue problem is substantially different from that of plain fatigue during the
phase in which the crack length is less than the characteristic dimension of the contact zone (Hills and Nowell, 1994;
Dai et al., 1994). In such a situation, it is essential to account for the effect of the contact stress ﬁeld on the crack
and vice versa (contact-crack interaction). It is especially important to estimate realistic values of the stress intensity fac-
tors (SIFs) and as a consequence, numerical modelling often becomes a necessity (for example, using the ﬁnite element
method, FEM).. All rights reserved.
x: +34 96 3877629.
.
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studied the propagation stage in two dimensions. Faanes and Härkegård (1994) calculated K I analytically by applying equiv-
alent contact tractions and Green’s functions. They assumed either straight cracks growing in a normal direction to the con-
tact surface or inclined cracks (Faanes, 1995). Kimura and Sato (2003) used a similar approach extended to inclined mixed-
mode cracks. Sheikh et al. (1994) used a FE model of the classic fretting bridge and studied the SIFs for several crack lengths
and different crack angles with respect to the contact surface. Mutoh et al. (2003) presented one of the most comprehensive
experimental and numerical studies on crack propagation for a fretting bridge conﬁguration. Their FE model included the
contact inﬂuence, with the crack located at the end of the contact zone. They considered several crack propagation incre-
ments to simulate the crack growth path and applied the estimated values of the SIFs to compute the fretting fatigue life.
General strategies for predicting the crack growth path in LEFM can be found in the works of Sumi (1985) and Rubinstein
(1991).
As opposed to earlier FE approaches, in recent years the extended ﬁnite element method (X-FEM) (Moës et al., 1999) has
proven to be a very efﬁcient tool for the numerical modelling of cracks in LEFM. In this study, the method is applied to 2D
crack analysis under fretting conditions. In comparison to the standard FEM, the X-FEM provides signiﬁcant beneﬁts in the
numerical modelling of crack propagation. The main advantages are that the ﬁnite element mesh need not to conform to the
crack boundaries (crack faces) to account for the geometric discontinuity, and furthermore, mesh regeneration is not needed
in crack growth simulations. Therefore, only a single mesh, which is often easily generated, can be used for any crack length
and orientation. The X-FEM is based on the introduction of additional degrees of freedom (DOFs), which are associated with
the nodes of the elements intersected by the crack geometry. These extra DOFs in combination with special functions enable
the accurate modelling of the crack.
In this paper, we assume a small initial crack that is located near the contact zone, and crack propagation is studied using
the X-FEM. The objective is to determine the inﬂuence of the contact stress ﬁeld on the crack growth path. We assume that
the crack is open at the maximum bulk load on the specimen, and therefore the contact between crack faces is not modelled
in this work. Several situations are studied, combining different initial cracks and load combinations. The use of the X-FEM
enables the evaluation of the inﬂuence of the contact zone on crack propagation in a very efﬁcient way. Moreover, it permits
to estimate accurate values of the SIF along the crack path by combining energetic post-processing techniques, like the
equivalent domain integral form of the J-integral (EDI method) or the interaction integral. An analogous study using a stan-
dard ﬁnite element formulation would be far less accurate and prohibitively costly, because of the need for mesh regener-
ation for each crack length and orientation.
2. Fundamentals of the X-FEM
In a standard ﬁnite element formulation, a crack must conform to the ﬁnite element mesh and remeshing is required to
conduct crack propagation simulations. In contrast, in the X-FEM, a crack is modeled via the displacement approximation: a
function that is discontinuous across the crack is added to the displacement approximation to model the presence of a crack.
Therefore, crack growth can be done without the need for remeshing. This engenders additional DOFs that are tied to the
nodes of the elements intersected by the crack. The displacement approximation for crack modelling in the X-FEM takes
the form (Moës et al., 1999):uhðxÞ ¼
Xn
i¼1
NiðxÞ ui þ HðxÞai|ﬄﬄﬄ{zﬄﬄﬄ}
only Heaviside nodes
þ
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775; ð1Þwhere n is the number of nodes in the mesh, NiðxÞ is the shape function of node i, ui are the classical DOFs of node i, and
ai and bia are the DOFs associated with the Heaviside step function HðxÞ and the crack-tip functions FaðxÞ, respectively.
The discontinuous function HðxÞ takes on the value +1 above the crack and 1 below the crack. The crack-tip functions
FaðxÞ provide improved accuracy and are required if the crack-tip terminates inside an element. These functions are½Faðr; hÞ; a ¼ 1 4 ¼
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; ð2Þwhere r; h are local polar coordinates deﬁned at the crack tip. Further details on the criteria for the selection of enriched
nodes and on the implementation of X-FEM can be found in Moës et al. (1999) and Sukumar and Prévost (2003).
Fig. 1 shows a portion of a mesh. The circled nodes are the nodes enriched with two additional DOFs (total 4 DOFs per
node), whereas the nodes marked with a square are enriched by eight more DOFs (total 10 DOFs per node). Elements that
contain at least one enriched node are known as enriched elements. Nodes with two additional DOFs (one for each co-ordi-
nate direction) have shape functions that multiply HðxÞ. Nodes with eight additional DOFs are enriched in the two Cartesian
directions with FaðxÞ. To compute the element stiffness matrix, the elements that are intersected by the crack are subdivided
into subelements for numerical integration. In this study, we have used seven integration points in triangular subelements
and 5 5 quadrature points in quadrilateral subelements as well as in elements that are not subdivided but contain at least
one enriched node.
Crack tip enrichment
Heaviside enrichment
Fig. 1. Enriched nodes in the X-FEM. Nodes with two additional DOFs (circles). Nodes with eight additional DOFs (squares).
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In this study, we have implemented the X-FEM in the FE commercial code ABAQUS (Hibbitt et al., 2004). To our knowl-
edge, this is one of the ﬁrst implementations of X-FEM for crack growth simulations within ABAQUS. In the interest of space,
just the main features are mentioned. The analysis procedure is as follows. After a single mesh generation, geometric com-
putations based on an exact crack description are carried out to determine the nodes and elements to be enriched, following
the approach described in Moës et al. (1999). Next, the ABAQUS solver is called to link the user subroutines that incorporate
the X-FEM. The SIFs are then extracted using post-processing techniques and a crack propagation increment is computed.
This increment is added to the existing crack geometry and the analysis procedure is repeated.
The ABAQUS user-element capability has been used to formulate the enriched elements. The user-element enables the
deﬁnition of elements with several DOFs per node. ABAQUS capabilities are limited insofar as user-elements cannot be di-
rectly used as part of contacting surfaces in contact problems nor can user-elements be visualized for plotting purposes. We
have overcome these problems using standard 4-node linear elements with very small (negligible) stiffness connected to the
nodes of every enriched element and retaining the same connectivity. These overlay elements can then be part of the contact
pair surfaces to model the contact problem in ABAQUS. Note that the overlay elements of negligible stiffness are added in
parallel to the user-elements, preserving the actual stiffness of the model. As a consequence, displacements associated with
overlay elements are governed by the underlying X-FEM elements. In addition, this enables the representation of a linearly
interpolated deformed shape of the enriched elements.
From Eq. (1), it is clear that the physical displacement at an enriched node i, uhðxiÞ is given by the standard DOFs ui plus
the enriched contribution HðxiÞai or FaðxiÞbia. This implies that the standard DOFs ui (the ones used by ABAQUS in its internal
contact algorithms or for plotting) do not correspond to the true displacement computed with the X-FEM. In order to make
the DOFs ui of an enriched node i be the physical solution of the nodal displacement, the X-FEM has been implemented
according to the following modiﬁcation of Eq. (1), the so-called shifted-basis enrichment (Zi and Belytschko, 2003; Ventura
et al., 2003):uhðxÞ ¼
Xn
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775: ð3ÞThe above procedure has proven to be a very good way to combine user-elements with the contact algorithm capabilities
available within ABAQUS.
To extract the SIFs, we use the domain form of the interaction integral (Chen and Shield, 1977; Yau et al., 1980). The de-
tails on the derivation and its implementation in the X-FEM is available in the literature (Moës et al., 1999; Sukumar and
Prévost, 2003; Huang et al., 2003). For the crack orientation prediction based on the values of K I and K II , the MTS criterion
proposed by Erdogan and Sih (1963) (maximum tangential stress or hoop stress rhh) is used:
Fig. 2.
Problem
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A; ð4Þwhere hc is the angle that will follow the crack for each of the crack increments. hc is measured with respect to a local polar
coordinate system with its origin at the crack tip and aligned with the direction of the existing crack. The sign convention is
such that hc < 0 when K II > 0 and vice versa. Other criteria lead to very similar orientation angles for 2D problems (see a
recent review by Richard et al. (2005)).
Orientation criteria are well established for the determination of crack propagation angles under proportional mixed-
mode conditions. However, it is reported (Lamacq et al., 1996; Dubourg and Lamacq, 2000) that new criteria or extensions
of these criteria are needed under the strong non-proportional conditions of fretting fatigue loading cycles. Under non-pro-
portional conditions, the predicted crack angle is different at each step of the loading cycle. It is claimed that the crack ori-
entation is governed by the direction in which the amplitude of the mode I opening during the cycle is maximum (not only
the maximum value of the opening). Criteria based on the maximum value of DkI and other modiﬁcations seem to yield good
estimates under certain conditions (Lamacq et al., 1996; Dubourg and Lamacq, 2000), where kI is the mode I SIF associated
with an inﬁnitesimal kinked crack emanating from the existing crack in a given direction (see for example Anderson, 1995).
For the two problems and loading conditions analyzed in this work (which are described in the next section), we have ver-
iﬁed that the criterion based on maxðDkI Þ over a cycle yields virtually the same results as the MTS criterion applied at the
instant of maximum bulk loading, as exempliﬁed in Fig. 2. This ﬁgure is computed for a given crack increment of the ﬁrst
problem with a maximum bulk stress of rB;max ¼ 60 MPa. It can be seen that the maximum effective range DkI is attained
at the same angle that maximizes kI for the maximum bulk loading. Therefore, Eq. (4) has been used at that instant.
4. Numerical models
Crack propagation in two fretting fatigue test conﬁgurations are studied using the extended FEM. First, a complete contact
problem is considered, in which squared-ended indenters are pressed on both sides of a ﬂat specimen. This problem is used
here as a benchmark problem to show the merits of the approach for parametric crack growth studies. We have tested the
sensitivity of certain parameters to the crack trajectories, such as length and angle of the assumed initial crack or the crack
growth increment used in each growing step. In order to verify the accuracy of the X-FEM, we have also compared the SIFs
estimations to other solutions obtained by analytical approaches. In addition, a second problem is modelled that represents
an incomplete contact with cylindrical indenters. This problem is introduced to demonstrate the robustness of the X-FEM
implementation in the presence of relatively large sliding zones.
The ﬁrst problem consists of a rectangular specimen subjected to a variable bulk stress and pressed by two opposite
square-angled indenters (see Fig. 3). The model dimensions are h ¼ 2c ¼ 2w ¼ 10 mm, l ¼ 40 mm. The material considered
is aluminum alloy 7075-T6, with E ¼ 72 GPa and m ¼ 0:3. Plane strain condition is assumed (although the SIF values are inde-Mode I SIF associated with an inﬁnitesimal kinked crack emanating from an existing crack. Non-proportional evolution under varying bulk load for
1.
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Fig. 3. Problem 1: complete contact model with ﬂat indenters.
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a value of rP ¼ 60 MPa and the bulk load is cyclical, with a stress ratio R ¼ 1 and a maximum amplitude denoted by rB;max.
Five different values of rB;max have been analyzed (20, 40, 60, 120 and 180 MPa).
The second problem represents an incomplete contact originated by cylindrical fretting pads of radius rpad ¼ 25 mm. A
sketch is shown in Fig. 4, with dimensions l ¼ 2w ¼ 20 mm. The normal load P ¼ 40 kN is held constant during the test pro-
ducing a Hertzian contact region of semi-width aH ¼ 177:9 lm, having assumed the same material as in the ﬁrst problem. A
variable bulk stress with a maximum value of rB;max ¼ 90 MPa is applied to the right end of the specimen. Because of the
frictional contact and the way the pad is supported, a tangential load Q is generated on the fretting pad. The values of the
tangential load and the bulk stress on the left part of the specimen depend on the compliances of both the specimen and
the fretting pad support. These compliances are represented in the model by spring elements of stiffnesses kspec and kpad,
respectively. We have used multi-point constraints (MPCs) to guarantee an even distribution of point forces over the appli-
cation side. The specimen spring is attached to a node linked through MPCs to the rest of nodes of the left boundary. They
share the same DOF in the x-direction. In this way, the force exerted by the spring is equivalent to a distributed load along
the whole left side of the specimen. The spring attached to the indenter acts in an analogous manner with respect to the top
of the indenter. Under these loading conditions, the contact area of width 2aH has an internal stick zone of width 2c, located
between two slip zones (Hills and Nowell, 1994). The stick zone has an eccentricity emeasured from the center of the contact
zone (see Fig. 4). The spring stiffnesses kspec and kpad have been calibrated to obtain a tangential load Q=fP ¼ 0:6. This cor-
responds to a sticking zone of size c=aH ¼ 0:634 and eccentricity e=aH ¼ 0:210.
Under reverse cyclic load (i.e. R ¼ 1), it is worth noting that the crack opens approximately during the tensile half-cycle.
In this case, the compressive half-cycle does not have an important effect on the crack growth (Faanes and Fernando, 1994;
Faanes, 1995; Hills and Nowell, 1994). Note that the maximum K I and K II values are obtained when the crack is totally open,
since the tangential slip of crack faces are not hindered by the compressive stresses acting on crack faces (Faanes, 1995; Hills
and Nowell, 1994; Dubourg and Lamacq, 2000). Under this assumption we have taken DK ¼ Kmax.
Both problems are modelled with 4-node bilinear quadrilateral elements. The minimum element size in this zone is
he ¼ 10 lm (see Fig. 1). This element size enables the modelling of small cracks that are still longer than he. An alternative
X-FEM formulation for modelling short cracks when compared to the element size can be found in Bellec and Dolbow (2003).
At this point, the question of the suitability of the initial crack length a0 arises. An initial value of a0 ¼ 50 lm has been as-
sumed. This size is of the order of several grains for this material, a necessary condition for the applicability of the LEFM. The
initial crack size has also been estimated using the El Haddad equation (El Haddad et al., 1979):a0 ¼ 1p
DKth
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Fig. 4. Problem 2: incomplete contact model with cylindrical pads.
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stress amplitude) rN¼106 ¼ 214 MPa and threshold value DKth ¼ 2:2 MPa m1=2 (both for R ¼ 1). Using Eq. (5), the estimation
a0 ¼ 33:6 lm is obtained, which is in good agreement with the grain size perpendicular to the surface of 35 lm reported by
Navarro et al. (2003), measured according to ASTM Standards. Therefore the value a0 ¼ 50 lm is considered acceptable.
The friction model assumed for the contact zone is a Coulomb model and the ABAQUS contact formulation based on La-
grange multipliers is used. The Lagrange multiplier formulation enables the exact modelling of sticking contact conditions, in
contrast to contact formulations based on penalty methods (these require a certain amount of slip, the so-called elastic slip
dependent on the penalty constant, to develop a sticking frictional shear traction). The exact modelling of sticking conditions
is an important issue in fretting problems (Goh et al., 2003), to resolve the stick/slip behaviour along the interface.
5. Numerical results and discussion
5.1. Problem 1: Complete contact problem
In Fig. 5, an enlarged detail of the deformed shape (rxx stress ﬁeld) of the extended ﬁnite element model analyzed with
ABAQUS is illustrated. The deformation due to the implicit crack opening can be observed at the instant of maximum ampli-
tude rB;max. As explained earlier, this opening is generated by the mathematical discontinuity present in the enriched ele-
ments. The steep stress gradient in the vicinity of the crack tip can be seen. Note also the expected rxx stress
discontinuity across the indenter interface due to the sliding contact conditions. User deﬁned elements (enriched elements
in this application) are marked with crosses by ABAQUS, indicating the position of the ﬁrst node in the connectivity of the
enriched element. Of course, the ﬁrst node in the connectivity is not necessarily an enriched node.
The crack propagation path for each of the cases considered for rB;max is shown in Fig. 6. The number of crack increments
is 20, with value Da ¼ a0 ¼ 50 lm. The radius of the q-function (Moës et al., 1999) used in the domain interaction integral
has been taken as rq ¼ 40 lm (the minimum element size in this zone is he ¼ 10 lm). Like the initial length a0, the initial
crack orientation hc;0 must also be deﬁned. In principle, this value can be inferred from experimental information found
in the literature (Adibnazari and Hoeppner, 1994; Mutoh et al., 2003). The application of certain critical plane methods to
estimate the angle of initiating cracks could also be used (Lamacq et al., 1997). For all cases of Fig. 6, the initial angle hc;0
is 60 with respect to the free surface of the specimen. For larger values of rB;max, it can be observed that the inﬂuence of
the contact zone due to rP is less signiﬁcant and the crack tends to grow in a direction normal to the bulk load rB.
For low bulk loads rB;max, it can be noticed that there is an abrupt change of direction departing from the initial crack
angle hc;0 ¼ 60. Hence, it is indicative that the true initial angle for those load conditions is different from the one assumed
a priori. The effect of the assumed initial crack angle hc;0 is studied in Fig. 7. The results reveal that the value of hc;0 does not
strongly affect the orientation after a few crack increments, because the crack propagation follows a natural path based on
the maximum energy that is released. For low values of rB;max, the calculated SIFs are very low for the ﬁrst crack increments
(in some cases, even less than the threshold value used in long crack growth models, like Paris’s law). This issue has not been
considered in this study and it has been assumed that the crack eventually propagates in all cases.
Fig. 8 proves that a reﬁned discretization of the crack increment (20 increments with Da ¼ 25 lm instead of Da ¼ 50 lm)
leads basically to the same results shown in Fig. 6. The agreement revealed in Fig. 8 demonstrates the robustness of the
X-FEM: for Da ¼ 25 lm, the radius of the q-function rq is 24 lm, which implies that very few elements are contributing
to the domain integral computation because he ¼ 10 lm in this zone. However, the quality of the estimation is still good.Fig. 5. Enlarged view of the deformed shape for the rxx stress ﬁeld at the instant when rBðtÞ is maximum. Scale factor: 8.
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In order to estimate the orientation angle hc using Eq. (4), all previous analyses need the computation of K I and K II for each
crack growth increment. Since the SIF extraction with the interaction integral is based on the numerical solution provided by
the X-FEM, it is convenient to assess the quality of the SIF computation, which is obviously affected by the discretization
error (like in a standard FE formulation). In this subsection, we compare some SIF calculations using the presented approach
with other analytical solutions of reference for certain conﬁgurations.
Fig. 9 shows the value of K I vs. the crack length a for a crack located at the end of the contact zone. In order to make fea-
sible the comparison with reference solutions, the crack is enforced to be normal to the contact surface (i.e. no crack devi-
ation is allowed). One of the plotted series of results has been calculated with only bulk load on the specimen and no contact
pressure on the indenters. The corresponding SIFs agree very well with the analytical approximation given in Tada et al.
(1985) for a double edge crack in a strip of ﬁnite width in tension (DENT). As expected, the approximation with a single edge
crack solution (SENT) is only valid for short cracks (less than 7% of the half thickness of the specimen w). The SIF solution for
the fretting fatigue loading condition (bulk load combined with the normal load on the indenter) is also plotted in Fig. 9. The
effect of the contact load is to increase the severity of the crack, yielding larger values of K I than for a plain fatigue situation.
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Fig. 8. Effect of the crack increment size Da ¼ 25 and 50 lm on the propagation path. The initial crack is the same in both cases.
Fig. 9. Problem 1: Mode I SIF vs. crack length a for a series of cracks located at the end of the contact zone, which are all normal to the contact surface.
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fretting tends to induce faster crack growth rates than plain fatigue during the early propagation stages. As the crack grows,
the contact inﬂuence decreases and the behaviour approaches that of plain fatigue.
This latter series of fretting fatigue results has been also estimated in this work using weight functions, an analytical pro-
cedure that, together with the Green’s function technique, is often used in the fracture mechanics approach to fretting fati-
gue (Faanes and Fernando, 1994; Navarro et al., 2003). Analytical approaches in literature make use of the knowledge of the
theoretical contact stress ﬁelds to estimate the SIFs. In the weight function formulation (Bueckner, 1973), the stress distri-
bution along the crack location (solved for a conﬁguration without a crack) is combined with a weight function wðyÞ derived
for a given geometry to yield K:KWFI ¼
ﬃﬃﬃ
2
p
r Z a
0
rxðx; yÞwðyÞdy: ð6ÞIn the case considered here of a straight crack normal to the surface at the end of the contact zone (x ¼ 0, see Fig. 3), the
stresses rx for a no-crack conﬁguration must be known along the y-direction (the direction of the normal crack). However,
E. Giner et al. / International Journal of Solids and Structures 45 (2008) 5675–5687 5683there is no analytical solution available for the ﬁnite domain geometry of Problem 1, so we have calculated the generalized
stress intensity factors (GSIF) that characterize the singular ﬁeld in the vicinity of the corner of a complete contact. In this
way, we can have a description of the singular contact ﬁeld for the given loads and geometry.
With no crack, the bulk stress provokes a relative slip with friction of the contact zone next to the corner. However, the
presence of a crack next to the contact zone tends to preclude the partial slip, since the discontinuity of the crack diverts the
path followed by the bulk forces. The contact pressure is very high in this zone (it is theoretically singular at the corner) and
the shear traction needed to cause partial slip can not be reached when the bulk forces are diverted due to the crack discon-
tinuity. Therefore, it is reasonable to assume that the contact zone sticks when a crack is present in the analyzed model. This
has been conﬁrmed numerically. For a totally adhered contact zone, the singular ﬁeld adjacent to the corner can be thought
of as forming a V-notch problem. The singular ﬁeld derived by Williams for a re-entrant or V-notch corner is (Williams,
1952):Fig. 10.
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kI1 WIðhÞ þ KGSIFII rkII1 WIIðhÞ; ð7Þwhere the trigonometric functions WIðhÞ, WIIðhÞ are deﬁned in Appendix A. The eigenvalues in our problem are kI ¼ 0:5445,
kII ¼ 0:9085 (see Appendix A). The values of KGSIFI and KGSIFII were estimated using stress extrapolation from the FE solution for
a no-crack conﬁguration, yielding 26.21 and 177.75 MPa mm1k, respectively. In this way, the singular ﬁeld due to the con-
tact corner can be reconstructed via (7) and used as an approximation to rxðx; yÞ in (6). Fig. 10 shows the estimation of K I
computed using (6). It can be seen that the agreement with the extended ﬁnite element solution is good for very small
cracks, where the singular ﬁeld dominates. Due to the small crack size, this agreement is attained with both the single-edge
crack weight function (SENT) given by Bueckner (1973) and with the more appropriate double-edge crack weight function
(DENT) given by Fett et al. (1988). Obviously, the solution for a DENT weight function tends to approach the extended ﬁnite
element solution for longer cracks.
From the above analysis for normal cracks, we conclude that the X-FEM yields good estimations of the SIF. We must point
out that the extended FEM is not restricted to normal straight cracks, but allows the analysis of more complex crack geom-
etries, including inclined and kinked geometries. In addition, since the X-FEM inherits the main advantages of the FEM, the
inﬂuence of nearby boundaries is also considered, which can be more involved in other methods, such as the distributed dis-
location technique (Hills and Nowell, 1994).
Finally, in Fig. 11 we represent the numerical value of K I and K II as well as the orientation angle calculated with Eq. (4) vs.
crack length (measured as the addition of the crack growth increments) for the case rB;max ¼ 120 MPa shown in Fig. 6. It can
be observed that the propagation path tends to minimize the value of K II and that the sign of K II is opposite to the hc sign,
according to the customary sign convention. As expected, the values of K I increase with the crack length and can be iden-
tiﬁed with DK I.Problem 1: Mode I SIF vs. crack length a for a series of cracks located at the end of the contact zone, which are all normal to the contact surface.
ison with analytical computations using weight functions.
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Fig. 11. Problem 1: SIF values and orientation angle for the case rB;max ¼ 120 MPa shown in Fig. 6.
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The approach presented in this study can be applied to other geometries and contact conditions. We introduce now
the incomplete contact problem to show the good behaviour of the implementation under conditions of partial slip. Un-
like in complete contacts, the contact pressure distribution is Hertzian, decreasing rapidly near the end of the contact
zone, and a partial slip zone is developed (Hills and Nowell, 1994). Fig. 12 shows the variation of the partial slip zones
along the contact width 2aH for a no-crack case and for two different crack lengths. The presence of a normal crack of
length a ¼ 0:17aH located at the end of the contact (x ¼ aH) reduces the amount of partial slip near the crack, due to the
stress redistribution and the ‘shading’ effect of the crack. For a longer crack a ¼ 1:12aH, this effect leads to complete
sticking at the left hand side of the crack (x < aH). Note also that some nodes located at the right hand side of the crack
(x > aH) enter into contact due to the stress redistribution and experience a large relative slip caused by the traction of
the bulk stress. This analysis shows that the X-FEM implementation carried out in this work is capable of representing
stick-slip transitions along the contact zone.
In Fig. 13 we represent an estimation of the crack growth path during the propagation stage for the incomplete contact
problem. The analysis has been carried out for the loading conditions described in Section 4. An initial crack of 40 lmwith an2a
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Fig. 12. Problem 2: Variation of the partial slip zone due to the crack presence at the end of the contact zone x ¼ aH. Effect of different crack lengths.
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Fig. 13. Problem 2: Estimation of crack growth path during the propagation stage.
E. Giner et al. / International Journal of Solids and Structures 45 (2008) 5675–5687 5685angle hc;0 ¼ 120 located at the end of the contact zone has been assumed. The crack path agrees very well with the results
presented by Hills and Nowell (1994) for similar loading conditions and where the crack trajectory is computed as the
orthogonal direction to the maximum positive principal stress.
The proposed methodology can be very useful for the estimation of the propagation life in fretting fatigue problems
due to the positive attributes of the method, namely its robustness, accuracy, ease of geometric modelling of the crack
and the inclusion of the contact model with friction. The estimation of the propagation life in fretting is considered in the
literature (Faanes and Fernando, 1994; Faanes, 1995; Mutoh et al., 2003) based on the SIFs calculated under contact inﬂu-
ence. Navarro et al. (2003) compute the SIF using weight functions during the propagating stage. In general, these studies
are based on simpliﬁcations regarding the crack shape and the effects of contact tractions. Following the approach we
have pursued, such simpliﬁcations in the numerical model are circumvented, and more accurate SIFs are realized. This
is especially important when using crack growth laws for estimating propagation lives that strongly depend on the accu-
racy of the SIFs.
There are other important issues that have not been addressed in this work, which deserve further attention, such as
the study over complete cycles including crack closure effects. To study crack closure effects, X-FEM formulations that
include frictional contact between crack faces (Dolbow et al., 2001; Kim et al., 2007; Ribeaucourt et al., 2007) are
promising.
6. Conclusions
The combination of the advantages of the X-FEM and the inherent capabilities in ABAQUS for modelling contact prob-
lems has lead to a methodology for the analysis of crack propagation in fretting fatigue problems. The X-FEM has been
implemented in the commercial code ABAQUS by means of user-element subroutines. The use of X-FEM in fretting fati-
gue introduces a number of distinct beneﬁts over existing models that appear in the literature. The main advantage is
that modelling any crack location and orientation becomes a straightforward task, using an easily generated single mesh.
This allows the simulation of crack propagation in a computationally elegant, simple, and cost-effective manner. In addi-
tion, the methodology provides accurate SIF extractions through energetic methods based on domain integrals. The accu-
racy attained is much greater than with a standard FE formulation due to the use of crack-tip enrichment functions that
adapt much better than the FE solution to the singular crack-tip ﬁelds.
In this paper, the methodology has been applied to complete and incomplete contact problems. The inﬂuence of the bulk
load, the effect of the initial crack angle hc;0 and the crack increment Da have been studied, as well as the performance of the
implementation under sticking or partial slip conditions. The proposed methodology is robust and accurate and allows
the study of several crack conﬁgurations. The numerical results demonstrate the merits of the X-FEM for the estimation
of the fretting fatigue life during the propagation stage.
(r,
r
B B
θ
θ)
α
α
Fig. A.1. V-notch in an inﬁnite half-space.
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Appendix A. The V-notch solution
In accordance with the polar reference system of Fig. A.1, the stress ﬁeld can be decomposed into two parts: a symmetric
solution with respect to h ¼ 0 (i.e. the bisector line BB) and an antisymmetric solution (Williams, 1952). The trigonometric
functions WIðhÞ, WIIðhÞ that deﬁne the singular stress ﬁeld given in (7) have the following components:WIðhÞ ¼ kIðkI þ 1Þ
cosðkI þ 1Þh cosðkI1ÞacosðkIþ1Þa
kI3
kIþ1 cosðkI  1Þh
 cosðkI þ 1Þh cosðkI1ÞacosðkIþ1Þaþ cosðkI  1Þh
 sinðkI þ 1Þh cosðkI1ÞacosðkIþ1Þaþ
kI1
kIþ1 sinðkI  1Þh
8>><
>>:
9>>=
>>;
; ðA:1Þ
WIIðhÞ ¼ kIIðkII þ 1Þ
sinðkII þ 1Þh sinðkII1ÞasinðkIIþ1Þa
kII3
kIIþ1 sinðkII  1Þh
 sinðkII þ 1Þh sinðkII1ÞasinðkIIþ1Þaþ sinðkII  1Þh
cosðkII þ 1Þh sinðkII1ÞasinðkIIþ1Þa
kII1
kIIþ1 cosðkII  1Þh
8>><
>>:
9>>=
>>;
: ðA:2ÞIn (7), the eigenvalue kI is the lowest positive solution of the so-called characteristic equation for the symmetric solution:kI sinð2aÞ þ sinð2kIaÞ ¼ 0 ðA:3Þ
and corresponds to the most singular solution. Analogously, the eigenvalue kII is the lowest positive solution of the charac-
teristic equation for the antisymmetric solution:kII sinð2aÞ  sinð2kIIaÞ ¼ 0: ðA:4ÞReferences
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